The nearly incompressible theory of magnetohydrodynamics (MHD) is formulated in the presence of a static largescale inhomogeneous background. The theory is an inhomogeneous generalization of the homogeneous nearly incompressible MHD description of Zank & Matthaeus and a polytropic equation of state is assumed. The theory is primarily developed to describe solar wind turbulence where the assumption of a composition of two-dimensional (2D) and slab turbulence with the dominance of the 2D component has been used for some time. It was however unclear, if in the presence of a large-scale inhomogeneous background, the dominant component will also be mainly 2D and we consider three distinct MHD regimes for the plasma beta β 1, β ∼ 1, and β 1. For regimes appropriate to the solar wind (β 1, β ∼ 1), compared to the homogeneous description of Zank & Matthaeus, the reduction of dimensionality for the leading-order description from three dimensional (3D) to 2D is only weak, with the parallel component of the velocity field proportional to the large-scale gradients in density and the magnetic field. Close to the Sun, however, where the large-scale magnetic field can be considered as purely radial, the collapse of dimensionality to 2D is complete. Leading-order density fluctuations are shown to be of the order of the sonic Mach number O(M) and evolve as a passive scalar mixed by the turbulent velocity field. It is emphasized that the usual "pseudosound" relation used to relate density and pressure fluctuations through the sound speed as δρ = c 2 s δp is not valid for the leading-order O(M) density fluctuations, and therefore in observational studies, the density fluctuations should not be analyzed through the pressure fluctuations. The pseudosound relation is valid only for higher order O(M 2 ) density fluctuations, and then only for short-length scales and fast timescales. The spectrum of the leading-order density fluctuations should be modeled as k −5/3 in the inertial range, followed by a Bessel function solution K ν (k), where for stationary turbulence ν = 1, in the viscous-convective and diffusion range. Other implications for solar wind turbulence with an emphasis on the evolution of density fluctuations are also discussed.
INTRODUCTION
The dynamics of a fluid in the presence of a magnetic field is quite different from pure hydrodynamics. The usual incompressible hydrodynamical description does not admit sound waves in the system. However, magnetohydrodynamics (MHD), even at the lowest incompressible order includes the presence of Alfvén waves. The existence of Alfvén waves implies quite different dynamics for MHD flows because it introduces an additional characteristic timescale to the system. For purely incompressible hydrodynamics, the injection of energy e = dE/dt ∼ u 2 /τ , where the typical timescale τ is the ratio of a typical velocity and length scale, thus τ = λ/u, and because the wavenumber k = 2π/λ, it follows that τ ∼ 1/(uk). Kolmogorov (1941) argued that there is a part of the spectrum (called the inertial range), where the energy E(k) can depend only on wavenumber k and on energy injection (which is assumed to be equal to the energy dissipation). By means of a simple dimensional analysis, the one-dimensional (1D) kinetic energy spectrum in Fourier space can be derived as E(k) = C K e 2/3 k −5/3 , where C K is usually called the Kolmogorov constant. Considering MHD, Iroshnikov (1963) and Kraichnan (1965) independently suggested that (to determine a typical timescale), instead of using the fluid velocity u, one should use the Alfvén velocity v A as the characteristic speed of the system and thus determine the typical timescale. Therefore τ ∼ 1/(v A k). An important difference is that in contrast with the velocity u, the Alfvén velocity v A does not depend on wavenumber k and yields the form of the 1D spectrum as E(k) = C IK (e v A ) 1/2 k −3/2 , where C IK is referred to as the Iroshnikov-Kraichnan constant. It should be noted that Iroshnikov in his work assumed the existence of the external magnetic field explicitly, whereas Kraichnan assumed that sufficiently small fluctuations will experience a "mean magnetic field" created by large-scale fluctuations. To prevent confusion later in the text, we want to clearly distinguish between three-dimensional (3D) and 1D forms of the spectrum, which are defined as E = E 3D (k)d 3 k = E 1D (k)dk, where E is the total energy of the system. The Kolmogorov and Iroshnikov-Kraichnan spectra are 1D forms of the spectrum k −5/3 , k −3/2 and therefore correspond to 3D spectra with k −11/3 and k −7/2 . The forms of these spectra were derived under the assumption of isotropy. Solar wind observational studies of Belcher & Davis (1971) and laboratory experiments (e.g., Robinson et al. 1968; Robinson & Rusbridge 1971; Zweben et al. 1979) , however, soon revealed the existence of spectral anisotropy in MHD turbulence. Montgomery & Turner (1981) analyzed the equations of incompressible MHD in the presence of a strong magnetic field B 0 and by expanding the equations in powers of 1/B 0 showed that the dynamics for both velocity and magnetic fluctuations becomes essentially two dimensional (2D) in the plane perpendicular to the magnetic field B 0 . Montgomery & Turner therefore suggested that in the presence of a strong magnetic field, turbulence should be viewed as composed of two independent components, 2D turbulence and Alfvén waves propagating perpendicular to the 2D turbulence. Development of spectral anisotropy was consequently reported in 2D numerical simulations of Shebalin et al. (1983) , who also offered an interpretation based on resonant three-wave interactions (i.e., when two oppositely traveling waves with wavevectors k 1 , k 2 and frequencies ω 1 , ω 2 collide and create a third wave characterized by k 3 , ω 3 ). They recognized that the resonant conditions for three-wave interactions k 1 + k 2 = k 3 and ω 1 + ω 2 = ω 3 , where ω = v A |k z | (k z being the parallel component of k), require that one of the k 1,z , k 2,z must be equal to zero. Therefore if waves with some k z are originally missing in the system, according to the first resonant condition they cannot be created later, implying the nonexistence of a parallel cascade and that waves can only cascade perpendicularly, so creating a strong spectral anisotropy. Development of spectral anisotropy in the presence of a strong magnetic field was later observed in many 3D numerical simulations, for example, for incompressible MHD by Oughton et al. (1994) and Cho et al. (2002) , for compressible MHD by Oughton et al. (1998) , Cho & Lazarian (2003) , and for reduced MHD by Kinney & McWilliams (1998) .
MHD incompressible turbulence was reconsidered by Sridhar & Goldreich (1994) , who in the framework of weak Alfvénic turbulence theory, showed that the Iroshnikov-Kraichnan approach is implicitly based on resonant three-wave interactions. Using the findings of Shebalin et al. (1983) they however argued that because the energy associated with the k z = 0 mode (which has by definition zero frequency) is also zero, it cannot contribute to the energy cascade. Sridhar & Goldreich (1994) therefore concluded that threewave interactions are absent and derived a weak turbulence model in which the energy cascade is realized through resonant four-wave interactions (i.e., two oppositely traveling waves scatter to two other waves). They showed that the four-wave resonant conditions k 1 + k 2 = k 3 + k 4 and ω 1 + ω 2 = ω 3 + ω 4 imply k 1,z = k 3,z and k 2,z = k 4,z , which results in an inhibition of the parallel cascade, because waves with values of k z not present initially (or injected later by forcing) cannot be created by these interactions. Sridhar & Goldreich derived the 3D energy spectrum in this cascade to be proportional to E(k ⊥ , k z ) ∼ k −10/3 ⊥ , where k ⊥ , k z are perpendicular and parallel wavenumbers with respect to the strong magnetic field. Because of the nonexistence of a parallel cascade, this corresponds to a 1D spectrum in perpendicular wavenumbers E(k ⊥ ) ∼ k −7/3 ⊥ , which is defined as E = E(k ⊥ )dk ⊥ .
The conclusion of Sridhar & Goldreich (1994) that the resonant three-wave interactions vanish was criticized by Montgomery & Matthaeus (1995) , who argued that the conclusion is based on the assumption of linear waves, whereas the excitations in the perpendicular direction should not be viewed as waves at all, but rather as general spatial Fourier modes. This was further elaborated by Ng & Bhattacharjee (1996) who showed that the three-wave interactions are generally nonzero and actually dominate the four-wave interactions, if the k z = 0 Fourier components of the wave packets are nonzero. They also showed that the isotropic 1D Iroshnikov-Kraichnan k −3/2 spectrum, which can be derived from three-wave interactions, changes to k −4/3 if four-wave interactions are dominant. Sridhar & Goldreich (1994) also note that because four-wave interactions strengthen as the energy cascades to smaller perpendicular scales, beyond some critical k ⊥ , the interactions become so strong that the perturbative weak turbulence approach fails and turbulence transfer to that regime as usually referred to as strong turbulence.
The description of strong incompressible turbulence was elaborated by Goldreich & Sridhar (1995) , who suggested that a "critical balance" between a typical Alfvén timescale τ A and a nonlinear (or eddy turnover) timescale τ nl be valid on all spatial scales, i.e., τ A = τ nl , where the timescales are defined anisotropically as τ A ∼ 1/(v A k z ) and τ nl ∼ 1/(uk ⊥ ). They showed that the 3D energy spectrum scales as E(k ⊥ , k z ) ∼ k −10/3 ⊥ , where the parallel and perpendicular wavenumbers are coupled according to
Therefore, unlike the theory of Montgomery & Turner (1981) , Goldreich & Sridhar (1995) derived the two components of MHD turbulence not as independent, but with the k ⊥ and k z correlated. Relation (1) also means, that with decreasing spatial scale, the turbulence anisotropy increases (since k ⊥ /k z ∼ k 1/3 ⊥ ). Because of relation (1), the 3D spectrum k −10/3 ⊥ corresponds to a 1D spectrum in perpendicular wavenumbers E(k ⊥ ) ∼ k −5/3 ⊥ (i.e., via dk
⊥ dk ⊥ dk ⊥ ). It also corresponds to 1D spectrum in parallel wavenumbers E(k z ) ∼ k −2 z , where Goldreich & Sridhar (1995) supported these results also by deriving the so-called kinetic equation for the time evolution of energy in Fourier modes (∂ t E(k)) for shear Alfvén waves, and by showing that the suggested spectral form k −10/3 ⊥ represents a stationary and positive energy flux (i.e., physically reasonable) solution of the kinetic equation. The calculations are based on three-wave interactions, with an assumption that interactions of all orders contribute to the cascade with the same strength; thus, threewave interactions being a good approximation. Although the paper by Goldreich & Sridhar (1995) was an important advance in our understanding of turbulence, it is sometimes criticized for the use of an EDQNM (eddy-damped quasi-normal Markovian approximation) closure in the derivation of the kinetic equation (see, for example, Lesieur 1990) , which is a phenomenological model. Another model of strong turbulence cascade based on a phenomenological closure referred to as Lagrangian DIA (direct interaction approximation) was presented by Nakayama (2001) . This model yields a k −3/2 ⊥ energy spectrum. A new approach using the framework of weak MHD turbulence was presented by Galtier et al. (2000 Galtier et al. ( , 2002 . Weak turbulence, which is also sometimes called wave turbulence, assumes a momentum equation in the form ∂ t u = L(u) + N (u, u) , where L is a linear operator (so the solutions to the linear problem are the linear waves), N is a quadratic nonlinear operator and a small parameter ensures that the nonlinear interactions are weak. Because of the smallness of , it is possible to overcome the usual problem of closure and obtain a solution for the spectrum without additional phenomenological models. For a good review of techniques used in wave turbulence, see the book by Zakharov et al. (1992) . Galtier et al. (2000) derived the appropriate kinetic equations at the level of three-wave interactions and rigorously showed that the dynamics is decoupled at each level of k z , or in the other words, that there is no energy cascade in the parallel direction. They further showed that the finite flux stationary solutions of kinetic equations in the zero cross-helicity regime corresponds to 2D spectra
⊥ , where f (k z ) is an arbitrary function. The function f (k z ) has no universal profile and because of the absence of the parallel cascade, it depends only on the form of the forcing and initial conditions. In the case when cross-helicity is non-zero (so the number of inward and outward waves propagating parallel to the mean magnetic field is not equal), Galtier et al. (2000) derived the individual spectra for outward and Vol. 718 inward propagating waves to be
⊥ , where n + + n − = −4 and an additional constraint −3 n ± −1. The last constraint is very important because it shows, that when cross-helicity is non-zero, as is often the case in the solar wind, the spectral index in perpendicular wavenumbers can lie anywhere between −1 and −3. One of the necessary assumptions for the weakly turbulence approach to be valid was determined to be k z /k ⊥ 2 , which can be less well satisfied for large k ⊥ or small k z (for example for k z = 0, the condition is definitely not satisfied). Galtier et al. (2000) also performed numerical simulations of their kinetic equations and observed a solution very close to k −2 ⊥ . Their simulations also revealed the existence of a "precursor solution" proportional to k −7/3 ⊥ , which abruptly changed to k −2 ⊥ once the dissipation scale was reached. Interestingly, Ng & Bhattacharjee (1997) showed that if the Iroshnikov and Kraichnan phenomenology, which implicitly assumes three-wave interactions, is modified to be anisotropic (i.e., that the energy cascade occurs exclusively in the perpendicular direction), it yields an E(k ⊥ ) ∼ k −2 ⊥ spectrum. The same spectral form was also obtained by Goldreich & Sridhar (1997) for wave turbulence dominated by three-wave interactions, although they called the regime intermediate turbulence.
A heuristic model to unify the weak and strong turbulence descriptions was proposed by Galtier et al. (2005) , who suggested that instead of the "critical balance" assumption τ A /τ nl = 1 of Goldreich & Sridhar (1995) for the strong turbulence cascade, the ratio ζ = τ A /τ nl should be assumed as constant on all scales (in inertial range), but not necessarily equal to 1. The weak turbulence approach is valid under the assumption ζ 1. Using the Iroshnikov-Kraichnan phenomenology, Galtier et al. (2005) showed that the assumption of ζ being constant yields an anisotropic relation k z ∼ k 2/3 ⊥ /B 0 . As they emphasize, this relation is not in contradiction with the weak turbulence, because in the limit of the strong magnetic field B 0 → ∞, the parallel cascade vanishes. They also showed that the model implies a general 2D spectrum
with an important constraint 3α + 2β = 7 (2D spectra are defined as E = E(k ⊥ , k z )dk ⊥ dk z ). Galtier et al. (2005) note that the solution α = 5/3, β = 1 is compatible with the strong turbulence description of Goldreich & Sridhar (1995) , and the solution α = 2, β = 1/2 is compatible with the weak turbulence description of Galtier et al. (2000; also Ng & Bhattacharjee 1997; Goldreich & Sridhar 1997) . Also of interest is the solution α = 7/3, β = 0 which represents the k −7/3 ⊥ precursor solution to k −2 ⊥ spectrum in the plane k z = 0 found in the numerical simulations of Galtier et al. (2000) .
High-resolution numerical MHD simulations frequently show that the form of the spectrum in the perpendicular direction is much closer to k −3/2 ⊥ than to k −5/3 ⊥ (see, for example, Maron & Goldreich 2001; Müller et al. 2003; Müller & Grappin 2005; Mason et al. 2008) . Motivated by these numerical results, Boldyrev (2005 Boldyrev ( , 2006 proposed a phenomenological model where velocity and magnetic fluctuations become increasingly aligned with decreasing spatial scale, which results in weaker nonlinear interactions. The fluctuations δv λ and ±δb λ are not aligned perfectly on the spatial scale λ (if they were, the nonlinear interactions would vanish completely) but their directions are aligned within an angle φ λ , which is λ dependent. The model assumes that compared to the critically balanced timescale τ GS ∼ 1/(v A k z ) ∼ 1/(k ⊥ δv λ ) as introduced by Goldreich & Sridhar (1995) , the nonlinear interactions are weakened and the timescale is reduced to 1/2 ) it can be shown that the assumption of the model for the timescale τ is equivalent to θ λ ∼ λ α/(3+α) and θ λ ∼ λ 1/(3+α) . The energy spectrum in perpendicular wavenumbers was determined to be
, with an anisotropic scaling k z = k 2/(3+α) ⊥ , which for α = 0 corresponds to the results of Goldreich & Sridhar (1995) , and for α = 1 it corresponds to k −3/2 ⊥ with k z = k 1/2 ⊥ . Remarkably, the energy spectrum in perpendicular wavenumbers is E(k z ) ∼ k −2 z , which is independent of α. Boldyrev (2006) further argued that because of the necessary conservation of cross-helicity, the correct value of α is the one that produces the maximal alignment of fluctuations, i.e., the α that minimizes φ λ . Boldyrev showed that this is achieved for θ λ =θ λ , implying α = 1 with a corresponding energy spectrum of k −3/2 ⊥ , as seen in the numerical simulations mentioned above. Another phenomenological model suggesting weaker nonlinear interactions because of the decorrelation of interacting high-frequency modes by the low-frequency ones was proposed by Gogoberidze (2007) , who also derived an energy spectrum as k
In recent years, there has been a significant effort to generalize the theories of Goldreich & Sridhar (1995) and Boldyrev (2006) for nonzero cross-helicity and new theoretical models have been proposed (e.g., Lithwick et al. 2007; Beresnyak & Lazarian 2008; Chandran 2008; Perez & Boldyrev 2009 ). Turbulence in the zero cross-helicity regime is referred to as balanced and for nonzero cross-helicity as imbalanced. For a detailed discussion of progress in this area, we refer to reviews by Galtier (2009) and Sridhar (2010) .
Solar wind in situ observations generally exhibit power-law forms for fluctuations (energy, density, temperature, magnetic field) that are much closer to the Kolmogorov α = −5/3 than the Iroshnikov-Kraichnan α = −3/2 value. We do not attempt even a brief review of the numerous observational results obtained over the past years; for this we refer the reader to reviews by Goldstein et al. (1995) , Tu & Marsch (1995) , Zhou et al. (2004) , and Bruno & Carbone (2005) . For example, Matthaeus & Goldstein (1982) , using Mariner 10 spacecraft magnetometer data, found that the magnetic energy spectrum 73±0.08 and that the total energy spectrum
, indicating an equipartition of energy between kinetic and magnetic modes. More recent observational studies by Bale et al. (2005) also claim excellent agreement with the α = −5/3 value. However, the results of Chapman & Hnat (2007) suggest two different spectra for the kinetic and magnetic energy, with the kinetic energy scaling as E u (k) ∼ k −3/2 and the magnetic energy as E b (k) ∼ k −5/3 . The same conclusion was obtained by Podesta et al. (2007) . Concerning anisotropy, observational results of Horbury et al. (2008) appear to be the first supporting the Goldreich-Sridhar scalings of k . As he notes, the large uncertainties imply that both values −5/3 and −3/2 in the perpendicular exponent are possible.
The obvious disagreement between numerical simulations and solar wind observational results is still an unresolved question of MHD turbulence and the answer might require the proper kinetic description. Although there has been progress in this area, both the analytical and numerical kinetic description of turbulence is very limited because it concentrates on scales of the order of an ion gyroradius or less, and it fails to reproduce largescale spectral structures found in a turbulent environment. A promising approach appears to be a description of collisionless MHD where dissipation is incorporated kinetically by modeling linear Landau damping. This so-called Landau fluid model developed by Snyder et al. (1997) and refined with finite Larmor radius corrections (FLR Landau fluid model) by Passot & Sulem (2007) appears to preserve the dynamics of plasma from large scales to a fraction of the Larmor radius. Also, a recently derived tractable and promising reduced kinetic model based on gyrokinetics theory was derived by Schekochihin et al. (2009) . This paper provides an excellent comparison between kinetic and fluid turbulence cascades with references to many observational and numerical results.
Kinetic effects are beyond the scope of this work and we concentrate instead on the usual MHD description of turbulence, which is still far from completely understood and will likely remain the central turbulence description in the solar wind for some time. Our approach is novel in a number of ways. Although much analytical and numerical work concentrates on turbulence in the presence of a large-scale magnetic field, it generally assumes that the field is homogeneous (constant) in space and time. The only exception of which we are aware is the work of Bhattacharjee et al. (1998) , who derived the equations for turbulent quantities in the presence of a large-scale magnetic field that was assumed to be spatially inhomogeneous. The model uses four variables to describe the fluctuating quantities: the magnetic flux, vorticity, pressure, and the magnetic field. Our approach here contains a fully compressible large-scale inhomogeneous background which is static (in equilibrium) and spherically symmetric and accounts for a large-scale inhomogeneous magnetic field, velocity, and density (also the background pressure is assumed to obey the adiabatic law). Large-scale inhomogeneities in temperature are also easily incorporated, but for simplicity we will discuss heat conduction effects in a separate article. The correspondence of our approach to the model of Bhattacharjee et al. (1998) together with a discussion of our theoretical results will be discussed in more detail below in Section 4 and in the Appendix.
The incompressible MHD description has been surprisingly successful in explaining observational solar wind data. All the theories discussed above that predict the energy spectra (Kolmogorov, Iroshnikov-Kraichnan, Goldreich-Sridhar, Galtier, Boldyrev) are derived in the framework of an incompressible description. A very useful formulation of the incompressible MHD description formulated in Elsässer variables was that developed by Zhou & Matthaeus (1989 , 1990a , 1990b , 1990c and by Marsch & Tu (1989) with an energy equation that was refined to its present form with the inclusion of shear driving, mixing, and pickup ion source terms by Zank et al. (1996) . This solar wind transport model derives two coupled radially dependent ordinary differential equations for the spatially averaged Elsässer energy and correlation length scale by using simple one-point closures for nonlinear terms similar to Von Kármán closures in hydrodynamics. By prescribing initial conditions at some inner boundary, these equations can be easily integrated and the radial dependence of turbulent quantities can be obtained. The model has been generalized to include the radial evolution equation for solar wind temperature Smith et al. 2001 ) and the radial evolution of cross-helicity Breech et al. 2005) . A very detailed analysis of the radial transport equations was presented by Breech et al. (2008) , who used observational data from Ulysses spacecraft (McComas et al. 2000) to obtain latitude-dependent initial conditions at 0.3 AU and radially integrated the transport equations independently for each latitude to obtain the heliocentric radial dependence for Elsässer energy, correlation length scale, cross-helicity, and temperature. By tuning the parameters of the model, the results seem to agree with radial profiles measured by the Ulysses and Voyager 2 spacecraft. However, it is well known that even in the simple hydrodynamic description, the useful but simple one-point closures of von Kármán & Howarth (1938) have limitations and do not capture the real complexity of turbulence. Almost all transport models expressed in terms of Elsässer variables are based on an incompressible description and therefore ignore compressible sound and magnetosonic waves. They also cannot address the evolution of the density fluctuation variance nor the density spectra that are known to be present in the solar wind.
The work presented here does not ignore compressible effects, but instead develops a description of a magnetofluid (the solar wind) that is in the weakly compressible state. Numerous observations consistently show (see, for example, Matthaeus et al. 1991 , and the solar wind reviews referenced above) that the typical level of density fluctuations in the solar wind is of the order of 10% from the mean density value. This means that the solar wind is typically in a state that is weakly compressible, and a theory that attempts to describe solar wind turbulence should not ignore compressible effects. A theory of this kind, one that considers fluids in the nearly incompressible state (and therefore usually referred to as "nearly incompressible theory") was first considered by Klainerman & Majda (1981 Matthaeus & Brown (1988) or in the book by Majda (1984) . Klainerman & Majda proved some interesting convergence properties for MHD flows and these will be discussed below at the end of Sections 2 and 3.
An interesting numerical study in this regard was performed by Ghosh & Matthaeus (1992) , who numerically investigated the approach to incompressibility in 2D low Mach number hydrodynamic turbulence by using a fully compressible code. By varying initial conditions and Mach number, it was shown that as expected from the theory of Klainerman & Majda the departure from incompressibility depended strongly on initial conditions. For example, flows with a prescribed solenoidal velocity and without initial acoustic fluctuations evolved nearly incompressibly for Mach numbers as high as M = 0.5, with the departure from incompressibility progressively increasing with Mach number. Slightly worse behavior was observed for initial conditions with solenoidal velocity and the presence of initial acoustic fluctuations. However, for two initial conditions when the initial velocity fluctuations are random or when the initial conditions consist purely from acoustic waves, the system evolved far from incompressible behavior even for Mach numbers as low as M = 0.1. A similar numerical study was performed by Passot & Pouquet (1987) . Recently, a numerical study for the incompressible behavior of compressible MHD turbulence was also undertaken by , 2007 .
Although not following the rigorous mathematical framework of Klainerman & Majda, the nearly incompressible theory was extensively developed in a more intuitive physical approach to its present form by , , and Matthaeus & Brown (1988) who generalized the theory with the inclusion of a magnetic field, dissipation, and heat conduction effects and discussed its implications in the context of solar wind turbulence.
The implications of nearly incompressible theory were found to be true for a variety of solar wind observations (see, for example, Matthaeus et al. 1991; Klein et al. 1993 ). However in a number of observational studies the predictions of nearly incompressible theory apparently disagreed with observations (see Tu & Marsch 1994; . It was therefore naturally suggested that perhaps the nearly incompressible theory and its implications needed be modified by the inclusion of an inhomogeneous large-scale background. We therefore address the question of what are the appropriate evolution equations for turbulent (fluctuating) quantities, if these fluctuations evolve in a large-scale inhomogeneous background? We also address whether the leading-order description for these fluctuations is incompressible or whether large-scale background gradients are responsible for a departure from incompressibility at the lowest order. Finally, we identify the modifications that occur for higher-order nearly incompressible equations. To answer these questions, motivated by our primary area of application, solar wind turbulence, we restrict ourselves to a large-scale background that is radially symmetric and in equilibrium, so that the fluctuations do not influence the prescribed form of the background. Although this is of course only asymptotically correct for the solar wind flow, to develop the theory with a general inhomogeneous background would be extraordinary difficult. Also, because we are using the framework of nearly incompressible theory, we assume that fluctuations are in a weakly compressible state. Even though nearly incompressible theory cannot explain why solar wind fluctuations are in a weakly compressible state, it is a valid assumption for the vast majority of data Matthaeus et al. 1991) . For those fluctuations that do not satisfy the assumptions of weak compressibility (and are therefore fully compressible), the nearly incompressible theory obviously cannot be used. We do not attempt to rigorously analyze the long time existence of solutions corresponding to the equations derived under the nearly incompressible assumption. The long time existence and smoothness of solutions is unknown even for an extremely well-studied system such as the incompressible hydrodynamic equations (see, for example, the book by Bertozzi & Majda 2002) . Our perturbative nearly incompressible theory therefore relies on the limited knowledge obtained from the analytical studies of Kreiss (1980) , Klainerman & Majda (1981 , and on the numerical simulations addressing the evolution of compressible equations in the weakly compressible regime (e.g., Ghosh & Matthaeus 1992; Passot & Pouquet 1987; Bayly et al. 1992; Shaikh & Zank 2007) . The nearly incompressible theory explicitly assumes that there are no shocks and discontinuities in the system. If for any reason discontinuities develop in the system or if they are introduced as an inflow initial condition (for example on the surface of the Sun), the system has to be described as fully compressible.
The first step in deriving the equations for nearly incompressible turbulence in the presence of a prescribed large-scale inhomogeneous background was made by Hunana et al. (2006) , who considered turbulence in a purely hydrodynamic regime, and the background was assumed to be radially symmetric and in equilibrium. The theory starts with the fully compressible equations and formally separates them into a fully compressible background and turbulent fluctuating parts. Equations for turbulent fluctuations are then expanded with respect to the Mach number, which is assumed to be small. In the case of a homogeneous background, it was shown already by Zank & Matthaeus (1991) that the lowest order Mach number expansion leads to the usual hydrodynamic incompressible description, followed by nearly incompressible equations for higher-order expansions. In the presence of a large-scale inhomogeneous background, however, Hunana et al. (2006) showed that already at the lowest order, the description is not basically incompressible, and that largescale background gradients influence the turbulent fluctuations through source terms in the momentum equation and the velocity divergence condition. Density fluctuations were shown to obey a passive scalar evolution equation with additional source terms proportional to large-scale gradients. Importantly, these leading-order density fluctuations were shown to be of the order of the Mach number O(M), which is in contrast with Mach number squared scaling O(M 2 ) for the homogeneous case of Zank & Matthaeus. It was shown that for these leading-order density fluctuations, the "pseudosound" relation δp = c 2 s δρ postulated by Montgomery et al. (1987) is an invalid assumption. These relations can be used for higher-order nearly incompressible corrections. Since the leading-order density fluctuations evolve as a passive scalar with a possible modification due to a large-scale density gradient, this implies that the method typically used in many observational studies to analyze solar wind density fluctuations via the analysis of solar wind pressure fluctuations should be reconsidered. A thorough discussion and the implications of the nearly incompressible theory for solar wind density fluctuations will be presented in Section 4.
In this paper, we assume again an inhomogeneous background that is radially symmetric and in equilibrium, but we consider now nearly incompressible MHD. Our work is based on the homogeneous nearly incompressible theory of MHD as derived by Zank & Matthaeus (1993) and we try to use the same notation where possible, while retaining compatibility with our previous inhomogeneous hydrodynamics work (Hunana et al. 2006) . It was already shown by Zank & Matthaeus (hereafter Z&M) that because nearly incompressible theory is based on an expansion of the normalized equations and collecting terms of similar order, it is necessary in the MHD regime to begin by considering three different regimes for different values of the plasma beta, defined in the usual way as β = p/(B 2 /μ), where p is the thermal pressure, B = |B|, and μ is the magnetic permeability. Z&M considered β 1, β ∼ 1, β 1 and showed that in these three different regimes, the description of solar wind turbulence is very different. For example, the regime β 1 yields a leading-order description that is fully 3D, while for the regimes β ∼ 1, β 1, the leading-order description is reduced to two dimensions in the plane perpendicular to the mean magnetic field. Higher-order nearly incompressible fluctuations for β ∼ 1 were shown to consist of magnetosonic and sound waves with a proper 3D geometry, and Alfvén waves were shown to propagate parallel to the magnetic field. For the β 1 regime, there is a strong tendency for nearly incompressible fluctuations to propagate in a 1D direction parallel to the magnetic field. From observational studies of the solar wind (see reviews by Goldstein et al. 1995; Tu & Marsch 1995; Zhou et al. 2004; Bruno & Carbone 2005) it is known that for most of the solar wind, a good approximation is β ∼ 1 and very close to the Sun β 1. The regime β 1 is therefore not generally applicable to the solar wind. However, as originally discussed by Lighthill (1978) and derived in the nearly incompressible framework by Z&M, the most widely used incompressible MHD description is valid only for β 1. As emphasized by Z&M, this description should not therefore be used to describe solar wind turbulence, but instead more appropriate descriptions for the β ∼ 1, β 1 regimes should be used depending on the assumed local plasma beta. The description of solar wind turbulence as a superposition of 2D and slab turbulence dominated by the 2D component is typically used as a heuristic guide to address for example cosmic ray transport and modulation in the heliosphere (e.g., Bieber et al. 1994 Bieber et al. , 1996 Zank et al. 2004; Florinski et al. 2003) , particle acceleration at interplanetary shock waves and to explain the Maltese cross-like structure of the correlation function for the solar wind magnetic fluctuations discovered by Matthaeus et al. (1990) . For more details see the reviews by Horbury et al. (2005) and Shalchi (2009) . Recently, Weinhorst & Shalchi (2010) proposed a new heuristic model that allows the ratio of 2D/slab turbulence to be varied and appears to reproduce the Maltese cross-like structures quite well.
The paper is organized as follows. In Section 2, we separate the fully compressible MHD equations into a large-scale compressible solar wind background and turbulent fluctuating quantities. We normalize the equations and identify three scaled forms of the momentum equation, depending on the assumed plasma beta. Section 3 considers the three different plasma beta regimes separately, and, by expanding the normalized equations with respect to the small turbulent Mach number, we derive for each regime the leading-order description and the nearly incompressible corrections. In Section 4, we summarize our results and discuss the implications with respect to observational data and relate our description to the different models used previously to describe solar wind turbulence. A brief discussion of the model of Bhattacharjee et al. (1998) is presented in the Appendix.
COMPRESSIBLE MHD EQUATIONS
To derive the equations of nearly incompressible theory we start with the fully compressible MHD equations in SI units in the absence of viscous and resistive terms in the momentum and induction equation, respectively:
In this paper, we do not consider heat conduction effects for the temperature fluctuations T, which would be represented on the right-hand side of energy Equation (6) with an additional term (γ −1)κ∇ 2 T , where γ is an adiabatic index and κ is the thermal conductivity. To derive the heat transfer equations, instead of the energy Equation (6) we begin with the more general heat transfer equation
where S is the entropy. For clarity, we elaborate on this in a separate article devoted to nearly incompressible heat conduction. As will be more apparent in Section 3 where the nearly incompressible equations are derived, the inclusion of heat conduction in MHD is not complicated by the different plasma beta regimes because even though the magnetic field influences the velocity field through the momentum equation, it is not directly present in the energy Equation (7) nor is it present in the continuity Equation (2). We also note that the situation is much more complicated if the heat conduction enters as a tensor corresponding to anisotropic transfer rates in the parallel and perpendicular directions with respect to the large-scale magnetic field. This situation, however, is beyond the scope of the nearly incompressible model presented here.
To derive the appropriate description for small-scale turbulent fluctuations influenced by a large-scale inhomogeneous background, we use the approach developed in our previous work (Hunana et al. 2006 ) and separate the flow into a large-scale static radially symmetric solar wind background and a fluctuating flow by means of
The large-scale variables with the subscript "sw" are assumed to satisfy the stationary equivalent of the fully compressible Equations (2)-(6). It is important to emphasize that the inhomogeneous nearly incompressible theory therefore assumes the large-scale background to be fully compressible, with for example the background momentum equation expressed as
From our perspective, we assume that the solution for the largescale "sw" quantities is known and prescribed. For numerical simulations considering the decay of passive scalar density fluctuations, for example considered the simplest model, where the large-scale spherically expanding solar wind speed u sw is approximately constant so that the continuity equation dictates that the radial density dependence is ρ sw ∼ r −2 . However, much larger classes of inhomogeneities are possible. We developed our approach with a radially symmetric background in mind because we are interested in the simplest possible approach that describes the solar wind. Nonetheless, we do not use this requirement explicitly in our calculations, and although we express only the r-dependence of the large-scale variables, they can be regarded equally as more general expressions. We use this generality to our advantage later in Section 3 when considering the regimes β ∼ 1 and β 1 by describing the large-scale magnetic field as a heliospheric or Parker spiral. Applying the separation Equation (8) to the fully compressible Equations (2)- (6) and subsequent subtraction of fully compressible equations for large-scale solar wind background variables yields density and pressure equations for the fluctuating parts as
These equations are of course equivalent to those for the hydrodynamics case (Hunana et al. 2006) . The induction equation becomes
and the divergence condition is given by
Finally, the momentum equation can be expressed as
The previous equations are still not normalized, and to determine the correct expansion in powers of the small turbulent Mach number, we follow our previous work (Hunana et al. 2006 and the work of Zank & Matthaeus 1991 and normalize them with respect to typical (fixed) parameters ρ 0 , u 0 , p 0 , B 0 , which represent characteristic values for fluctuating solar wind variables, according tõ
It is necessary also to normalize typical length and timescales. If the typical length scale for fluctuations is L and the typical length scale for the large-scale inhomogeneous background is R, then the appropriate normalization is
where we have defined the new parameter χ as a ratio of the characteristic length scales. This procedure yields a normalized continuity equation
a normalized pressure (energy) equation
a normalized induction equation
and a normalized momentum equation in the form
The Alfvén velocity v A in SI units, together with the Alfvénic Mach number M A , is defined as usual
To derive the inhomogeneous nearly incompressible equations we need to consider three different regimes for which the plasma beta
is either small, proportional to unity, or large. As we show below, the nearly incompressible theory expands all plasma beta regimes with respect to the sonic Mach number. We rewrite the pressure term in the momentum Equation (21) as
and consider only flows where the fluctuations are highly subsonic. For β ∼ 1, we define the expansion parameter with respect to the small Alfvénic Mach number = M A and we therefore have the following ordering:
If β 1 and again M A is small, we can assume
∼ 1, and with the same definition of = M A as in the β ∼ 1 case, the pressure term introduces the following scaling instead
For the usual incompressible limit, when β 1, 1/M 2 A must be considered bounded and, motivated by the work of Zank & Matthaeus (1993) , we can choose to introduce the normalization M A = 1. Similarly, as in the purely hydrodynamic regime, the small expansion parameter is defined as = γ 
which is consistent with the inhomogeneous nearly incompressible hydrodynamic description (Hunana et al. 2006 ) when a magnetic field is not present. The momentum equation for each of the three different cases is therefore expressed as Case β 1:
Case β ∼ 1:
Case β 1:
We have therefore derived the set of normalized equations describing the fluctuating variablesρ ,p , B ,ũ where the continuity (18), energy (19), and induction (20) equations are equivalent for all plasma beta regimes. However, the momentum equation is different and one of Equations (28)- (30) has to be chosen to close the system. It should be noted that at first sight it appears that the definitions of are different for the cases β 1, β ∼ 1, where the small parameter is identified as M A , whereas for β 1 and M A = 1, the expansion parameter is defined as = γ 1/2 M s . From the definitions above, it is easily seen that β = M 2 A /(γ M 2 s ) and, omitting the adiabatic index γ , the plasma beta is essentially the square of the ratio of the Alfvénic and sonic Mach numbers. To generalize, we therefore consider three different regimes. First, when β 1, the sonic Mach number goes to zero and the Alfvénic Mach number is bounded. Second, when β ∼ 1, both the sonic Mach number and Alfvénic Mach number tend to zero at the same ( ) rate. Third, when β 1, both the sonic Mach number and Alfvénic Mach number go to zero, but at different rates. If we define the smallness of the β as being of the order of β ∼ , then in this last regime, the Alfvénic Mach number goes to zero as but the sonic Mach number only as 1/2 . As we shall see later, to perform the nearly incompressible expansions for the β 1 case, a consistent expansion of the normalized equations must be done with respect to 1/2 . The correct interpretation of the perturbation analysis is therefore that the nearly incompressible theory expands all three different plasma beta regimes with respect to the sonic Mach number. In the last regime, the assumption that β ∼ 1 is however not necessary and nearly incompressible theory can be formulated with more general β 1, with the only difference being that the expansion cannot be interpreted as with respect to the sonic Mach number, but as with respect to M 1/2 A . Klainerman & Majda (1981) considered rigorously two MHD regimes, the first when the sonic Mach number goes to zero and the Alfvénic Mach number is bounded, which is therefore equivalent to our β 1 regime. The second regime considered was when the Alfvénic Mach number goes to zero and the sonic Mach number is bounded. This regime is therefore not equivalent to our β 1 regime. Klainerman & Majda did not present the equations of nearly incompressible MHD as they did in the hydrodynamic regime. They did however consider the general possibility that under what conditions the solutions of the compressible equations converged to solutions of the incompressible equations as one of the Mach numbers goes to zero. They showed that this is indeed true for the β 1 regime, giving rigorous mathematical support to nearly incompressible theory at least in this "least interesting" regime. In the second regime, when the Alfvénic Mach number goes to zero and sonic Mach number is bounded, Klainerman & Majda were unfortunately unable to establish if convergence occurs. Even though this regime is not equivalent to our β 1 regime, it appears that similar identities required by Klainerman & Majda are obtained in our expansion and we discuss this further in the text when performing these expansions.
We also note that in work considering the reduced magnetohydrodynamic equations (RMHD; Strauss 1976 Strauss , 1977 Rosenbluth et al. 1976; Zank & Matthaeus 1992b ) and in the tokamak fusion community, β ∼ is usually referred to as the "high beta regime". Also, in RMHD the parameter is defined differently in that it is an aspect ratio of typical length scales in the perpendicular and parallel directions with respect to the mean magnetic field (except in Zank & Matthaeus 1992b where it is defined as here). The main difference between the RMHD and NI approach is therefore that the appropriate expansions in RMHD are geometric in the sense that the fluctuation length scales in the direction parallel to the uniform magnetic field are assumed to be much larger than the length scales in the perpendicular direction. In contrast, the nearly incompressible theory instead derives this behavior as a result of performing an expansion with respect to the Mach number. A more thorough discussion of the differences between the RMHD and NI approach can be found in Zank & Matthaeus (1992b .
The new dimensionless parameter χ , defined as the ratio of typical length scales for fluctuations and a background field, is very important because it represents the strength of coupling of the inhomogeneous background to the fluctuating quantities. The special case when χ → 0 is equivalent to the complete decoupling of an inhomogeneous background and fluctuating fields and corresponds to the regime for which the largescale background is homogeneous (for this regime, see, for example, Cho & Vishniac 2000) . Importantly, because of our intention to derive the most general inhomogeneous leading-order description, for all β regimes we assume that the parameter χ is an arbitrary constant. However, for the higher-order nearly incompressible description we assume that χ is small, namely, that it is proportional to , or in the other words, that the ratio χ/ is of the order O(1). Our assumptions can be interpreted in a way that while the leading-order description varies on a slow timescales only (as will be shown below), the higher-order nearly incompressible description varies also on fast timescales, where generally the gradients of fluctuating fields will be much stronger than the gradients of the large-scale inhomogeneous background, and therefore we consider them to be of the order O( ).
THE NEARLY INCOMPRESSIBLE MHD EQUATIONS

Case β 1
In this section, we expand the normalized equations with respect to the small parameter . Although the β 1 regime is obviously not appropriate to the solar wind, in the limit of no magnetic field it should converge to equations of inhomogeneous nearly incompressible hydrodynamics (Hunana et al. 2006) . The nearly incompressible expansion procedure relies on a criterion introduced by Kreiss (1980) . Kreiss studied the properties of hyperbolic partial differential equations containing multiple timescales and rigorously showed that to eliminate solutions on fast timescales, it is necessary for several orders of time derivatives of initial data to be bounded. Specifically, if the slow timescale is of the order O(1) and the fast timescale is of the order O( −1 ), where is small, it was shown that the initial time derivatives must be of the same order as the slow timescale, i.e., O(1). Kreiss also noted that when this procedure is followed, it is possible to estimate the solutions and its derivatives independently of and therefore consider the limit → 0. The procedure is referred to as the "bounded derivative method" and is an extension of a similar method used for ordinary differential equations which was also developed by Kreiss (1979) . Zank & Matthaeus (1991 adopted the Kreiss procedure and showed that by requiring the boundedness of time derivatives of the compressible equations at the leading order, the familiar incompressible equations are obtained, followed at the higher order by the nearly incompressible equations. We also adopt the method of Kreiss and use it throughout this paper. Consider first an expansion of the fluctuating quantities according tõ
The superscript "∞" was chosen because in the homogeneous case these fluctuating quantities represent the variables of the incompressible system (1/M s → ∞). The same superscript is also used in the work of Zank & Matthaeus (1991 and Klainerman & Majda (1981 . Expansion (31) is extended below to higher orders by expansion (43). Note that compared to the density fluctuationsρ , which are naturally assumed small (of order ), the magnetic fluctuations are assumed to be O(1) and therefore comparable to the large-scale magnetic field. The β 1 regime therefore corresponds to a situation when the magnetic field background is relatively weak. From the momentum Equation (30) for the case β 1, by using Kreiss' method (requiring boundedness of ∂ u ∞ /∂t) we obtain at the lowest O(1/ ) order
and because the solution of this equation is a constant in space, thus allowing it to be included in the static large-scale background pressure p sw , we can exclude the -order pressure p 1 from all further expansions. The appropriate expansion of the pressure is thereforep
We expand all the MHD equations according to Equations (31)- (33) and recalling that at this point we consider χ to be arbitrary,
together with
Equations (34)-(38) are the locally incompressible equations for the β 1 case and, in the limit of no magnetic field, they reduce to the hydrodynamic locally incompressible equations (Hunana et al. 2006 ). In the limit of a homogeneous solar wind background, Equations (34)-(38) converge to
These are the usual incompressible MHD equations, plus a passive scalar equation for first-order density fluctuations. To obtain the higher-order nearly incompressible corrections at the next possible order, we expand the fluctuating quantities according tõ
Expansion of the normalized continuity Equation (18) and using cancellations due to the locally incompressible Equations (34)-(37) (recall that we now consider χ ∼ ) yields the lowest order inhomogeneous nearly incompressible continuity equation,
A similar procedure yields the nearly incompressible pressure equation as
and the nearly incompressible induction equation becomes
The divergence condition for the fluctuating magnetic field is
and for the nearly incompressible momentum equation we have
It is very useful to introduce slow (τ ) and fast (τ ) timescales together with short (η) and long (ξ ) length scales, which we define according to
After performing the time-and length-scale expansion, we obtain results compatible with the hydrodynamics case in that the quantities satisfying the leading-order Equations (34)- (37) do not depend on fast timescale τ , i.e.,
The nearly incompressible expansion, using a time-and lengthscale separation, yields at the fast timescale
In analogy with hydrodynamics, from Equations (50)- (52) and from the independence of the incompressible pressure p ∞ on the fast time τ , we find the familiar pseudosound relation p * + p ∞ = c 2 s ρ 2 , together with the wave equations
in the variables F = {u 1 , p * , ρ 2 }. The wave equations contain the sound speed c 2 s = γp sw /ρ sw defined with respect to largescale background. An interesting result of the last Equation (53) is that magnetic field fluctuations B 1 do not fluctuate on the fast timescale, and therefore this regime does not support fast scale Alfvénic fluctuations. Of course, Alfvén waves enter in the higher-order expansion, but at this order, the result is consistent with the β 1 regime because hydrodynamic effects are dominant.
Case β ∼ 1
This regime is the most appropriate for solar wind flow, except possibly close to the Sun, where the plasma beta can be much smaller than 1. The expansion is similar to the case above, but an interesting difference is that there is a priori no reason to exclude the lowest order pressure p 1 from expansion. Also, as in the homogeneous case of Z&M, the incompressible magnetic field B ∞ must be introduced in this regime at the order. Therefore we haveũ
As was pointed out by our referee, the definition of the plasma β = p 0 /(B 2 0 /μ) contains the thermodynamic pressure p 0 = γ −1 ρ 0 c 2 s0 which in the incompressible limit p 0 → ∞ implies that also B 2 0 → ∞. Thus, in the β ∼ 1 regime, the background magnetic field is strong. This is completely consistent with our expansion where B is of the order, which means that the magnetic field fluctuations are assumed much weaker than the magnetic field background. The expansion at the lowest order yields the locally incompressible equations for the β ∼ 1 case as
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To better understand this system, we first compare it with the homogeneous nearly incompressible equations of Zank & Matthaeus (1993) . In the limit of a homogeneous background with B sw → B 0 = const. we recover the equations of Zank & Matthaeus exactly,
For clarity we also write down two very similar identities
If we define the direction of B 0 to be in the z-direction, so that B 0 = B 0ẑ , then the incompressible Equation (65) yields
and the fluctuating velocity u ∞ is independent of z. Zank & Matthaeus (1993) therefore concluded that in the case of β ∼ 1, the underlying incompressible MHD equations reduce to a 2D set (thus "collapse of dimensionality") which describes the evolution of fluctuations perpendicular to the large-scale constant magnetic field B 0 .
However, when a large-scale inhomogeneous background is present, the situation is quite different because the locally incompressible Equation (59) has a nonzero right-hand side. Using the divergence condition (55), we rewrite this equation as
We define again the z-direction as a direction of the largescale magnetic field B sw = B sw (r)ẑ, and use the notation for the velocity field
, so that in this notation B sw = (0, B sw ) always. Then it immediately follows that
and the perpendicular component of the velocity field (2D plane) is independent of z. For the component u ∞ z , which is defined as parallel to the direction of the large-scale magnetic field, the situation is more complicated. We consider first two asymptotic cases. First, when close to the Sun, the magnetic field is purely in the radial direction, so the z-coordinate and the r-coordinate are identical (this scenario is probably more appropriate for the next regime when β 1, but we will see that condition (70) will be identical to the present regime). In this case, the solution to Equation (70) 
χ , where c is just a constant. Because close to the Sun both the magnetic field and density satisfy B sw ∼ r −2 , ρ sw ∼ r −2 , the final solution is u ∞ z = const. Close to the Sun, the geometry of the turbulent flow therefore collapses to a 2D plane orthogonal to the direction of the large-scale magnetic field, with the velocity component in the parallel direction being at best constant (and therefore can be absorbed into the large-scale background). Consider the second possibility where, sufficiently far from the Sun, the magnetic field has only an azimuthal component, so that the z-coordinate and the r-coordinate are perpendicular to each other. We obtain the solution to Equation (70) 
, where u r is the component of the velocity field in the radial direction. The radial dependence of the magnetic field is in this case B sw ∼ r −1 , while the density ρ sw ∼ r −2 , yielding (∂/∂r) ln(B sw /ρ sw ) = 1/r and a solution satisfying ∂u ∞ z /∂z = χu r /r. For the spherically expanding solar wind u r ∼ const. and because r is large (at 1 AU, the interplanetary magnetic field is still only ∼ 45
• to the radial) and χ 1, the right-hand side is very small, and at this order can be regarded as zero. Far from the Sun the parallel component u ∞ z can be therefore also considered as constant. Probably the best approach is to describe the large-scale magnetic field B sw in the form of the Parker spiral (Parker 1958) and use spherical coordinates in Equation (70) to solve for the velocity u ∞ . It is important to note that even though we claim for simplicity that we consider the large-scale background to be radially symmetric, we did not use this assumption anywhere in our calculations. The only assumption that we used is that the large-scale background is time independent (and therefore it is not influenced by small turbulent fluctuations). The operator ∇ r can be viewed as a full gradient operator (and equivalent to ∇) where the subscript r merely reminds us that it acts on the large-scale background and therefore the parameter χ (as a ratio of typical length scales for fluctuations and background) is present. The angular ϕ and θ dependence of the magnetic field B sw is therefore not in contradiction with our assumption of a large-scale background. In spherical geometry, the Parker spiral has the form
where the constants a, b are defined as a = R . By using these forms for the large-scale magnetic field B sw and density ρ sw in Equation (70), after some algebra it can be shown that the individual velocity components satisfy the following equations:
This system is linear and can be solved for example by the method of characteristics. It has a general solution
where the functions f 1 , f 2 , f 3 are any general functions depending on the variable r + (a/b)ϕ. Noting that a/b = u sw /Ω, the variable can be interpreted as the solar wind streamline in the ecliptic, and the arbitrary fluctuations (u r , u θ , u ϕ ) are simply convected along the solar wind streamline (which is the B sw ). Fluctuations u r propagating radially are damped as r −χ and the large-scale background couples fluctuations u θ and u ϕ , with the coupling being more important with increasing heliocentric distance. A curious situation appears to in the ecliptic plane, where θ = 90
• has the consequence of causing the second term in u ϕ to vanish and coupling between the perpendicular components u θ and u ϕ disappears. Nevertheless, according to the solution (74), the large-scale background is responsible for the damping of fluctuations propagating radially and drives fluctuations toward two-dimensionality in the (θ,φ) plane. This can be interpreted as a distinct, geometrical mechanism that drives fluctuations toward two-dimensionality.
Even without considering exact solutions for Equation (70), it is clear that in general the first-order velocity field u ∞ has a small varying component in the z-direction and in general no strict "reduction of dimensionality" occurs when an inhomogeneous background is present in the solar wind. Nonetheless, because the source term that drives fluctuations in theẑ-direction is proportional to the large-scale gradient (and therefore has the scaling χ ), the departure from two-dimensionality is rather weak. Compared to the homogeneous case of Zank & Matthaeus (1993) where dimensionality was reduced completely to two dimensions, we have in the inhomogeneous case, only a "weak collapse in dimensionality." We note that the homogeneous case of Zank & Matthaeus also admits 3D behavior, but only for the higher-order nearly incompressible corrections. Here we have weakly 3D behavior already at the lowest order.
The order of the pressure in the NI expansion is complicated at the lowest order pressure p 1 . The O( ) pressure is clearly excluded in the hydrodynamic regime and in the MHD regime for the cases β 1 and β 1 (as discussed below). However, the present case of β ∼ 1 is quite peculiar and from the first-order expansion it appears that there is no reason to exclude p 1 . The reason for excluding p 1 emerges only when performing the second-order expansion, where inconsistencies appear in the nearly incompressible equations. An equivalent situation appears in the nearly incompressible theory for the homogeneous β ∼ 1 MHD case, where, as discussed by Zank & Matthaeus (1993) , the exclusion of the pressure p 1 is dictated by the higher-order expansion. Similarly Matthaeus & Brown (1988) and Klainerman & Majda (1981) , although they did not specifically consider the β ∼ 1 case where both the sonic and Alfvénic Mach numbers go to zero at the same rate, concluded that p 1 was absent from the expansion. Considering different perturbative expansions, the conclusion that the pressure fluctuations are of order O(M 2 ) was also obtained by Gazol et al. (1999) . On the other hand, we also note that the β ∼ 1 regime considered in the RMHD regime by Strauss (1977) and Bhattacharjee et al. (1998) has an order pressure p 1 present. It is an open question whether these authors would have come to the same conclusion as NI MHD (to exclude pressure p 1 ) by considering also higher-order expansions (both authors consider only the first-order expansion). We investigated thoroughly the possibility of retaining the pressure p 1 , but we came to the same conclusion as in the homogeneous case for this regime. It therefore appears that the necessity for the absence of an order pressure p 1 can be considered a general feature of both homogeneous and inhomogeneous nearly incompressible MHD. This has an important consequence since, in the nearly incompressible theory, the order density fluctuations ρ ∞ do not have a pseudosound or any other direct relation to the fluid pressure. Instead, density fluctuations ρ ∞ develop independently as a passive scalar mixed by the turbulent velocity field u ∞ . This however does not mean that density fluctuations do not cause any response in the pressure fields. Density fluctuations ρ ∞ were present in the generalized pseudosound relation for long wavelength and slow timescales, as we showed in the hydrodynamic regime (Hunana et al. 2006 ) and therefore drive higher-order pressure fluctuations. A similar situation is of course present for MHD and we discuss this below. Further discussion about setting p 1 = 0 can be found in the Appendix.
On putting p 1 = 0, Equation (57) becomes
Close to the Sun, the large-scale magnetic field is radial, so ∇ r × B sw = 0 and Equation (75) Close to the Sun, we therefore have for the leading-order description a complete collapse of dimensionality to 2D for both the velocity and magnetic field. The same conclusion will be obtained for the β 1 regime. However, in a general situation when the large-scale magnetic field is not strictly radial, even though χ 1, the right-hand side is nonzero and similarly as for the velocity field u ∞ , condition (75) represents only a weak reduction of dimensionality for the magnetic field B ∞ . In the homogeneous regime, a similar condition was obtained by Klainerman & Majda (1982) and we discuss this further at the end of the next section. Now we continue the expansion to higher order by using Equation (43), but, like Zank & Matthaeus (1993) with the notation ρ * instead of ρ 2 . The variables are expanded as
and we obtain the inhomogeneous NI-MHD β ∼ 1 system. The momentum equation is now given by
The induction equation becomes
and the continuity equation is
Finally, the acoustic pressure equation can be expressed as
On taking the limit of a homogeneous background and using identities (67), we recover the homogeneous NI-MHD system
Some interesting properties of the NI β ∼ 1 system can be obtained if we apply a time-and length-scale separation procedure. The leading-order equations that we derived hold on fast time τ and short length η scales, and we assume that the large-scale solar wind parameters ρ sw , B sw , p sw are independent of these scales. Therefore,
and also ∇ η · B * = 0. Combining Equations (85) and (86) yields a similar result found for the hydrodynamics case,
and because p sw , ρ sw , p ∞ are independent of τ , it yields the pseudosound relation
where c 2 s = γp sw /ρ sw is the speed of sound defined with respect to the large-scale background. Combining Equations (84) and (86) with ∇ η · B * = 0 yields
and combining Equations (84) and (87) yields
If we define theẑ-direction as the direction of the large-scale magnetic field, i.e.,
then the last two equations can be rewritten as
where
On applying the operator on the left-hand side of Equation (93) to Equation (92) and subsequently using Equation (93), and the definition of the Alfvén speed with respect to large-scale background, v
sw /ρ sw , we reduce the equations further to
with the same equation for B * z . The solutions to Equation (94) (for example by using p * = ae i(k·η−ωτ ) ) are the well-known magnetosonic (magnetoacoustic) waves, described by the dispersion relation
where Θ is the angle between wavenumber k and the large-scale magnetic field B sw . Nearly incompressible theory therefore admits magnetosonic waves at the higher nearly incompressible order. In a direction that is parallel to the magnetic field, the solutions are propagating Alfvén and sonic waves. It is used to be assumed that all the power in magnetic fluctuations in the solar corona resided in the large-amplitude, long wavelength Alfvén waves (e.g., Jokipii & Kota 1989) . Nearly incompressible MHD however showed that for a β ∼ 1 or β 1 plasma, the main power is in the 2D component, which is convected slowly out of the corona (unlike Alfvén waves, which propagate away very quickly, with no time for any dissipation process to operate). New models of coronal and solar wind heating suggested by , Leamon et al. (2000) , and Oughton et al. (2001) assume that the large-scale inhomogeneities, namely, the gradient in Alfvén speed (which requires inhomogeneity in the density and magnetic field), are responsible for the reflection of Alfvén waves propagating parallel to the large-scale magnetic field. The presence of reflected Alfvén waves makes driving of 2D turbulence possible and thus yields a viable coronal or solar wind heating mechanism. The presence of the large-scale inhomogeneous background is therefore crucial for these models. It was however unclear if in the presence of a large-scale inhomogeneous background the leading-order MHD description would also collapse to a 2D state. We show here that even though the reduction of dimensionality is not complete, as in the homogeneous case, and in general there exists a non-zero parallel component, this component for both the velocity and the magnetic field is rather small (proportional to χ 1). Moreover, considering that the large-scale solar coronal magnetic field can be assumed to be radial, we showed that the leading-order geometry collapses completely to a 2D state. Higher order fluctuations were shown to be fully 3D and correspond to the propagation of Alfvén waves in the direction parallel to large-scale magnetic field together with magnetosonic waves propagating in all other directions. As we discuss below, the nearly incompressible theory can roughly estimate that the solar wind is dominated by 2D turbulence on the order of 75%-80% compared to 20%-25% in slab turbulence. A recent precise observational study using multispacecraft data and comparisons to numerical simulations by Osman & Horbury (2009) yields an estimate in the power in 2D and slab turbulence with the ratio of 80%:20%. Our work presented here analytically confirms that the assumption of mainly 2D turbulence is still correct even in the presence of a large-scale inhomogeneous solar wind background and our work therefore supports the models discussed above of solar wind and coronal heating mechanisms. We however also have to note that the nearly incompressible theory in the present formulation cannot answer how the higher-order Alfvén waves drive the lower order 2D turbulence.
A word of caution is necessary with respect to the conditions assumed in the derivation of the nearly incompressible theory and the conclusion that the turbulence is mainly 2D. The theory uses the bounded derivative method developed by Kreiss (1980) which inhibits the presence of fast timescale solutions. This leads to a leading-order description that varies only on slow timescales, as we have explicitly shown. Thus, our perturbative theory is therefore appropriate only for such flows where leading-order slow time-scale varying solutions are suitable. From observational studies (e.g., Tu & Marsch 1995 and references therein; Dasso et al. 2005 ) this appears to be true for a "slow" solar wind, which appears to exhibit well-developed turbulence. For flows where the leading-order description varies mainly on fast timescale, the nearly incompressible expansion cannot be used. A good example of such a flow is the "fast" solar wind close to the Sun, where the fluctuations are mainly parallel to the large-scale magnetic field and therefore the turbulence is dominated by the 1D slab geometry. This conclusion changes of course with increasing heliocentric distance as fluctuations in the fast wind evolve further.
Case β 1
In this case, the magnetic energy is much greater than the thermal plasma energy and is an appropriate description of solar wind plasma close to the Sun. Zank & Matthaeus (1993) recognized that it is difficult in this regime to distinguish between Alfvénic, acoustic, and convective timescales in the momentum equation and to therefore consistently expand the fluctuating variables. The lowest order locally incompressible expansion that defines the ordering of the pressure p ∞ shows that this pressure is now of the order of . However, to prevent difficulties with higher-order expansions, Zank & Matthaeus (1993) concluded that this regime requires an expansion in fractional powers of . They defined a new expansion parameter δ 2 = , and the fluctuating variables are expanded as
together with the time-and length-scale expansion
We note that if the pressure p 1 was included in the expansion of p from the momentum equation, we would get ∇p 1 = 0, so the pressure p 1 can be automatically excluded in this regime. After performing the corresponding expansion, we obtain at the lowest order the locally incompressible equations for the β 1 regime,
As with the previous cases, this procedure separates the variables for the locally incompressible system, which do not depend on the fast timescale τ , so
It is of interest to note that the leading-order system (98)- (104) derived for the β 1 is equivalent to the leading-order system (55)-(61) derived for the β ∼ 1 case (after elimination of p 1 as dictated by the higher order corrections). The density fluctuations are of the order of δ = 1/2 , which under the assumption that β ∼ 1, can be interpreted as O(M s ) and the scaling is consistent with the previous regimes. Otherwise, for more general β 1, the density fluctuations are of the order of O(M 1/2 A ). However because the density field is mixed by a velocity field that, in this regime, is strongly influenced by the magnetic field, the behavior of the density fluctuations may reflect the characteristics of the magnetic fluctuations more. For a homogeneous background, the above locally incompressible system reduces to the Zank & Matthaeus (1993) incompressible equations for the β 1 regime
As with the β ∼ 1 case, if B 0 = B 0ẑ , then Equation (109) yields ∂ u ∞ /∂z = 0, which allowed Zank & Matthaeus (1993) to conclude that in this regime too the lowest order dynamics is reduced to a 2D set of MHD equations, equivalent to those of 2D MHD when β ∼ 1. A large-scale inhomogeneous background again complicates matters, and according to Equation (102), if the z-direction is defined as the direction of B sw , we find that u ∞ satisfies the following condition:
This implies a weak reduction in dimensionality instead and is equivalent to the condition (70) in the β ∼ 1 regime. Close to the Sun however, the reduction of dimensionality is complete. Therefore, the dynamics of slow, low-order variables satisfying the locally incompressible system (98)- (104) is predominantly 2D in the plane orthogonal to the applied large-scale magnetic field B sw and is analogous to the β ∼ 1 regime. This is in contrast, as we will see below, with the dynamics of the higherorder corrections, which in this regime yields divergence-free condition for u 1 in the perpendicular plane and propagation of 1D acoustic waves along the field lines of the large-scale magnetic field. The higher-order nearly incompressible equations for the β 1 regime are found to be
In the limit of a homogeneous background, we obtain
An important feature of the inhomogeneous nearly incompressible set of Equations (112)- (116) is that Equation (116), assuming that B sw = B swẑ , collapses to
This has the consequence of a divergence-free condition for the higher-order fluctuating velocity field
Condition (123) implies that there is a strong tendency for the velocity component u 1 to behave incompressibly in a 2D plane perpendicular to the direction of the large-scale magnetic field, although as is apparent from Equation (112), it is driven by the leading-order fields u ∞ , ρ ∞ and the large-scale inhomogeneous background. By performing a multiple time-and length-scale expansion we find that for fast timescales τ and short wavelength scales η, the following system of equations holds,
The last Equation (128) implies that on short-wavelength scales
and Equations (125) and (126) collapse to the 1D forms
and we recover the usual pseudosound relation p
at the fast-time, short-wavelength scale. On considering the zcomponent of Equation (124) 
We therefore derive the equation for the generation of fast acoustic density fluctuations in the z-direction as
where "Source" represents the last term on the right-hand side of Equation (132) and in general represents a source term. However, close to the Sun ∇ r × B sw = 0, the source term vanishes and we have just a sourceless wave equation for the higher-order density fluctuations propagating as 1D waves in the parallel direction to the large-scale magnetic field. Similar sourceless wave equations are obtained for the acoustic pressure p * and the velocity component u 1z .
In contrast with the β ∼ 1 regime, for which we obtained the propagation of Alfvén and sound waves parallel to the direction of the applied large-scale magnetic field and the propagation of magnetosonic waves in all other directions, the β 1 regime supports at this order only the propagation of sound waves along the direction of the applied magnetic field. This is a consequence of our multiple-scale procedure that picks out the lower-frequency sound waves compared to the higher-frequency Alfvénic fluctuations. Only at the next order expansion can highfrequency Alfvén waves be obtained. At the order discussed here, sound waves provide the dominant dynamics of the NI system.
The reduction to one-dimensionality for higher-order density fluctuations in the β 1 regime appears to agree with the solar wind observations of Armstrong et al. (1990) , Coles et al. (1991) , Grall et al. (1997), and Habbal (1997) , who clearly identified the elongation of density fluctuations in the radial direction when close to the Sun. Further from the Sun, the density fluctuations became much more isotropic. As already discussed by Zank & Matthaeus (1993) , this behavior can be expected from different geometrical constraints as derived by nearly incompressible theory, where higher-order fluctuations for β 1 regime (close to the Sun) induce a preferred 1D propagation along field lines, while for the β ∼ 1 regime, the higher-order fluctuations are fully 3D, and therefore isotropic.
Also of interest is the work of Klainerman & Majda (1981) , who considered a regime where the Alfvénic Mach number goes to zero and the sonic Mach number stays bounded. As already discussed, this regime is not the same as either the small beta or beta proportional to one regimes considered here. The authors obtained in their regime two interesting conditions that the velocity and magnetic field fluctuations had to satisfy. Expressed in our notation, they are
The first is our Equation (102) for the β 1 regime with χ = 0, and our Equation (59) for β ∼ 1 and χ = 0. It is of interest that in the β 1 regime, we obtained this equation exactly for the higher-order fluctuations u 1 (Equation (116) or Equation (121)). The second condition ensures that |B 0 × (∇ × B ∞ )| is bounded for any Alfvénic Mach number M A (especially as M A → 0). This corresponds to Equation (100) (β 1) and, after elimination of p 1 , to Equation (75) (β ∼ 1). For both regimes, the conditions corresponding to Equations (134) and (135) 
Following the approach of nearly incompressible theory and expanding the magnetic field and the other variables as B = B 0 + B ∞ + B * , etc., where the = M A orders are not written out explicitly, the result (135) is immediately recovered. Clearly, the conditions (102) and (100) in the β 1 regime and Equations (59) and (75) in the β ∼ 1 regime represent the necessary conditions for the convergence of the compressible MHD to a nearly incompressible state.
DISCUSSION AND CONCLUSIONS
We have generalized the nearly incompressible theory of MHD originally developed by Zank & Matthaeus (1991 by including a large-scale inhomogeneous background. We considered three different plasma beta regimes, β 1, β ∼ 1, and β 1. The inclusion of even a quite simple large-scale static inhomogeneous background introduces significant complications in the nearly incompressible description of turbulence. A somewhat surprising result was that an inhomogeneous background results in only a weak reduction of dimensionality when β 1 or β ∼ 1. Close to the Sun however, where the magnetic field is radial, the reduction of dimensionality to 2D is complete for both regimes. The higher-order description for the β ∼ 1 regime was shown to be fully 3D with the propagation of Alfvén and sound waves in the parallel direction and magnetosonic waves in all other directions. For the plasma β 1 regime, the higherorder description is also 3D, but the velocity field u 1 satisfies the divergence-free condition in the plane perpendicular to B sw and sound waves propagate in the direction parallel to B sw .
It is presently believed that the turbulence in the solar wind should be viewed as a composition of 2D and slab turbulence (the latter corresponding to the propagation of Alfvén waves in a direction parallel to the large-scale magnetic field). The nearly incompressible theory can formally and very approximately estimate the ratio of 2D and slab turbulence to be of the order of because this order separates the obtained regimes. As discussed in Section 1, nearly incompressible theory expands all three beta regimes in powers of an defined with respect to the sonic Mach number = γ 1/2 M s . From the data analysis of , the distribution of Mach number in the solar wind peaks roughly at M s = 0.15-0.20 (see their Figure 1 ). With γ = 5/3, this gives the ratio of slab versus 2D turbulence roughly as 20%-25% so the 2D component dominates, which is consistent with our present knowledge of solar wind turbulence. Direct estimates of the slab and 2D power in solar wind turbulence (e.g., Osman & Horbury 2009 and references therein) found the mean power in 2D fluctuations to be 81% ± 3%. The importance of the 2D and slab superposition turbulence model in solar wind physics was discussed already by for example Matthaeus et al. (1995) or in , and used today for example in describing cosmic-ray transport (e.g., Zank et al. 2004) .
We derived the lowest order "locally incompressible equations" and the higher-order "inhomogeneous nearly incompressible equations" and discussed their implications for each plasma beta regime. Of particular note and importance is that in each plasma beta regime, the leading-order density fluctuations can be described by the same passive scalar evolution equation with source terms proportional to the large-scale gradients. In the hydrodynamic regime (without a magnetic field), the lowest order locally incompressible system was numerically simulated by in order to explain the evolution of density fluctuations in the solar wind as measured by Voyager spacecraft and analyzed by Bellamy et al. (2005) . For typical solar wind parameters it was shown that, at least beyond 0.1 AU, the source term in the density equation proportional to the relative large-scale density gradient ρ −1 sw ∂ρ sw /∂r influences the decay of density fluctuations variance only insignificantly, and that lowest order density fluctuations in the solar wind can be modeled sufficiently accurately as a pure passive scalar. From the theory of passive scalar mixing by a turbulent velocity field (see, for example, reviews by Shraiman & Siggia 2000; Warhaft 2000; Dimotakis 2005; or Lesieur 1990 ) and our numerical simulations we however concluded that there is no reason for the variance of density fluctuations to decay at the same rate as the large-scale density background, as was previously believed for quite some time. First measurements of density fluctuations showed (Armstrong & Woo 1980; Spangler & Armstrong 1990 ) that within 1 AU, the variance decays with heliocentric distance as (δρ) 2 ∼ R −4.05 , which was consistent with the observed expansion of the large-scale density background (now known with good accuracy between at least 1 and 60 AU) since the mean density decays as ρ sw ∼ R −2.1±0.2 (e.g., Belcher et al. 1993; Richardson et al. 1995) . It was thought that this implies that density fluctuations decay at the same rate as the density background throughout the entire heliosphere. Instead, the Bellamy et al. 2005 analysis of Voyager data showed that density fluctuations decay much slower, on average as (δρ) 2 ∼ R −2.6±0.9 . Their interpretation was that possibly some strong source terms for density fluctuation were responsible for the deviation from their "natural" decay as R −4 . Their interpretation was that below 30 AU this is probably caused by stream-shear interactions and beyond by pick up ions. We showed ) that leading-order density fluctuations decay essentially independently of the background density, and that the observed decay rates can be expected naturally if the density fluctuations have a smaller typical length scale initially compared to the fluctuating velocity field. We also showed that under these conditions, the density fluctuation variance cannot decay with a constant power law (e.g., R −4 ), but must decay at a rate that is continuously relaxing (since the length scale for density fluctuations tries to approach the independently decaying velocity field length scale) and possibly levels off with increasing heliocentric distance. This trend can be clearly seen from analysis of Bellamy et al., although they separated the evolution into two regions (below and above 30 AU) and fitted a constant power law to each region.
An interesting related result was recently obtained by Wicks et al. (2009) who, by using simultaneous data from ACE and Wind spacecraft, determined the typical correlation length scale for density fluctuations δρ. They found consistently over the entire range of analyzed data (solar minimum and solar maximum also), that the correlation length scale of density fluctuations is smaller than the correlation length scale of magnetic field fluctuations. Unfortunately, Wicks et al. did not measure the correlation length scale of velocity fluctuations. However, for example the Matthaeus & Goldstein (1982) analysis of Voyager 1 and Voyager 2 data consistently show (their Table 1 ) that the correlation length scale of magnetic fluctuations is considerably smaller than the correlation length of velocity fluctuations. The analysis of Wicks et al. (2009) therefore appears to confirm the prediction of who, from a purely theoretical perspective on passive scalar decay, concluded that the density fluctuations must have a much smaller length scale initially compared to the velocity field. As passive scalar density fluctuations evolve, their length scale increases faster than the length scale of the velocity field and, once the length scales are comparable, the density and velocity decay at the same rate. Interpreting the Bellamy et al. data, this should happen somewhere beyond 20 AU, and at 1AU the density length scale must be still smaller than the length scale of the velocity field as is implied by the result of Wicks et al. (2009, by comparing with the results of Matthaeus & Goldstein 1982) .
Modeling the leading-order density as a pure passive scalar is also supported by the forms of the measured density spectra. Bellamy et al. found the typical spectrum to be composed of two different power laws. For example using 96s data from 1998, Bellamy et al. found that spectra scaled as k −1.54±0.35 for low k and k −1.15±0.17 for higher k, followed by a dissipation range (for a passive scalar this is sometimes referred to as the diffusion range). This is consistent with a dual power law k −5/3 and k −1
for inertial and viscous-convective subranges, respectively, as first derived by Batchelor (1959) for a high Schmidt number Sc (the ratio of viscosity to scalar diffusivity) passive scalar spectrum. The scalar spectrum in the inertial range k −5/3 was first derived by Corrsin (1951 ) & Obukhoff (1949 , but in their work this range was followed immediately by a steeper dissipation fall-off. Batchelor (1959) pointed out that this regime is valid only for Sc 1 or at most for Sc ∼ 1. For the case with Sc 1, Batchelor found that the inertial spectrum k −5/3 must be followed by a k −1 spectrum in the viscous-convective range, followed by the dissipation range.
Considering just the viscous-convective and dissipation range for the passive scalar spectrum in the high Schmidt number regime (actually Sc > 1 is sufficient), Kraichnan (1974) reconsidered the assumption of Batchelor that large-scale velocity fluctuations represent a constant strain to small-scale scalar fluctuations and generalized it by including of fluctuations in this straining field. Kraichnan (1974) found that instead of a Gaussian falloff exp(−k 2 ) of the spectrum at high wavenumbers, the falloff should be exponential, exp(−k). In the case of 3D turbulence, Kraichnan derived the form of the normalized scalar spectrum to bê
where α is a free parameter of the model and usually in numerical studies it is assumed that α −1 ∼ 6.0. The same solution for E θ (k) 3D was also independently obtained by Mjolsness (1975) . In the case of 2D turbulence, however, Kraichnan showed that the spectrum can be expressed in terms of confluent hypergeometric functions, and therefore in numerical studies (see, for example, Chasnov 1998) the spectrum is usually fitted by starting with a derived asymptotic form ask → ∞ and numerically solving Kraichnan's spectral equation tok = 0. Thereafter, the normalization constant is appropriately adjusted so that the derived asymptotic form of the spectra fork → 0 is also satisfied. This method is not necessary, since showed that the solution to Kraichnan's normalized spectral equation in the 2D case for the entire viscous-convective and dissipation subrange can be expressed in a very simple analytical form aŝ
where K 1 is the modified Bessel function of the second kind and first order. The analytical solution (138) is very useful because, for nearly incompressible regimes where plasma β ∼ 1 and β 1, the leading-order description is essentially 2D and the density fluctuation spectra should therefore have the form of the inertial spectrum k −5/3 (see, for example, Lesieur & Herring 1985; Higdon 1984 Higdon , 1986 Goldreich & Sridhar 1995) , followed by the Bessel function form (138). Solar wind data and laboratory experiments, and numerical simulations, often exhibit a scalar spectrum steeper than Batchelor's k −1 value (for example, Bellamy et al. 2005 found steeper spectra before 1998). This is usually loosely interpreted as caused by non-stationarity of turbulence, because all the above passive scalar spectrum discussion (Batchelor's, Kraichnan, or Equation (138) ) was derived under the assumption of stationarity. The only work of which we are aware addressing the analytical form of the spectrum for a simple but well-defined non-stationary case is the work of Chasnov (1998) . It can be shown that if , θ are the energy and scalar dissipation rate and ν is fluid viscosity, the two functions x(t) and y(t) are important to determine if the turbulence is stationary. These functions are defined as
and only if x = y = 0 is the turbulence stationary. Chasnov (1998) considered a simple regime of nonstationary turbulence under the assumption that x = const. = 0, y = const. = 0,
and analytically derived an asymptotic form of the scalar spectrum in the viscous-convective range for general N-dimensional turbulence. The spectrum is modified fromk −1 to the form k −(1+s) , where
and the constant z is defined as z = (2x + y)/(α + x). derived the form of the scalar spectra in the entire viscous-convective and diffusive range and found a simple form expressed in terms of a Bessel function aŝ 
and Γ is the usual gamma function. The solution (142) for k → 0 has an asymptotic formk −(1+s) that is equivalent to Equation (141), as derived by Chasnov. For x = y = 0 it is of course equivalent to the stationary forms Equations (138) and (137). The spectrum of a passive scalar expressed in the form of a Bessel function therefore represents an exact and unifying solution for N-dimensional stationary, and the simple case of non-stationary turbulence.
Our discussion of the form of the passive scalar spectrum is important in the context of NI theory. Inhomogeneous nearly incompressible theory shows that the leading-order density fluctuations evolve as a passive scalar, and the form of the density spectra and decay of the variance in density fluctuations can be addressed even in a purely hydrodynamic regime. Of course, the magnetic field influences the evolution of density fluctuations (passive scalar) indirectly by influencing the evolution of velocity fluctuations, and all the spectral forms above were derived in the absence of a magnetic field and may therefore have to be modified. However, the magnetic field is not necessary for the existence of lowest order density fluctuations in the solar wind. This is a crucial difference between this model and that of Montgomery et al. (1987) , who simply postulated that density fluctuations are proportional to pressure fluctuations through a "pseudosound relation" as δρ = c 2 s δp. By solving for pressure from the incompressible momentum equation, they showed that if the magnetic field fluctuation spectrum is prescribed as k −5/3 , the density fluctuation spectrum was k −5/3 as a consequence. In this work, we showed that the leading-order density fluctuations obey a passive scalar evolution equation and therefore their behavior is prescribed by the physics of passive scalar mixing by the turbulent magnetofluid velocity field. For these leading-order passive scalar density fluctuations, the pseudosound relation is not valid. The pseudosound approximation is valid only for higher-order nearly incompressible density corrections ρ * and even that only if the effects of the large-scale inhomogeneous background are not important (fast timescales, short-length scales).
APPENDIX
We briefly discuss the differences between our approach and that of Bhattacharjee et al. (1998) who considered a largescale inhomogeneous magnetic field. Bhattacharjee et al. introduced an expansion of the momentum equation, and showed (we use our notation for comparison) that at the leading-order ∇p sw = (∇ × B sw ) × B sw , which is equivalent to our case for a fully compressible background when u sw is constant. As they correctly point out, the solution p sw = 1 and B sw = 1ẑ considered by Zank & Matthaeus (1993) is only a special solution of this more general equation (which however is reasonable because Zank & Matthaeus considered only the homogeneous regime). On expanding the energy equation they find p sw = ρ γ sw and p 1 = γρ γ −1 sw ρ ∞ . In their work, density fluctuations ρ ∞ are therefore directly proportional to pressure p 1 . By expanding the momentum equation, Bhattacharjee et al. obtain the condition p 1 + B sw · B ∞ = 0 (*), and by expanding the induction equation they obtain an equation for ∂ B ∞ /∂t. On taking the dot product of B sw with this equation and using the condition (*), they obtain an equation for dp 1 /dt. An expansion of the energy equation yields another equation for dp 1 /dt. Now, combining the last two equations yields their final equation for dp 1 /dt. This last step essentially represents the difference between the work of Bhattacharjee et al. and RMHD in general compared to the NI approach. The fully compressible description has of course four sets of equations: the (1) continuity (density), (2) momentum, (3) energy (pressure), and (4) induction equations, together with the divergence condition for the magnetic field. Continuity and energy can be combined to yield (5) an adiabatic law. One must always use the momentum and induction equations plus the divergence condition, and one has a choice in choosing one of the three combinations: either (1) + (3), or (1 )+ (5), or (3 )+ (5). Expanding these can always in one way or another yield two independent equations for the pressure p 1 . Even though Bhattacharjee et al. combined these together to obtain just one equation for p 1 , this cannot be done in general (otherwise the number of independent equations describing the system will be reduced). The combining of equations to reduce their number is allowed if one wishes to show that a system admits a particular solution, but the general dynamics of the system is described by the full set of equations. Reducing the number of equations is however the main motivation of the reduced MHD description. Inconsistencies in higher-order expansions (e.g., to have two inconsistent equations for the time evolution of p 1 ) force us to conclude that like the other plasma beta regimes and the hydrodynamic case, nearly incompressible theory implies that the lowest order pressure p 1 can at best be a constant also for the β ∼ 1 regime, and because this constant can be included in the static large-scale background we choose p 1 = 0. The presence of a nonzero pressure p 1 would for example create a problem in the leading-order description. It should not be forgotten that the nearly incompressible theory is only a perturbative expansion and therefore as for any other perturbative technique, the results derived must be checked, for example by verifying the appropriate limits. In the work of Bhattacharjee et al. it is claimed that the presence of pressure p 1 is dictated by the existence of a large-scale inhomogeneous background. However, in the limit of a homogeneous background, the equation for dp 1 /dt in the leading-order description does not disappear. If the pressure p 1 is not discarded in the nearly incompressible theory, a similar result would hold because the expansion of the energy equation dp/dt would determine the existence of the equation for dp 1 /dt at the leading order. This is however in strong contradiction with the incompressible description which does not contain the energy equation for pressure p 1 . We also recently learned that Gazol et al. (1999) performed a different expansion of the fully compressible Hall-MHD equations in the presence of a strong uniform magnetic field without explicitly using Kreiss' theorem. They obtained a bidimensionalization of the turbulence in the plane perpendicular to the ambient magnetic field and a parallel propagating Alfvén waves interacting nonlinearly via a generalized derivative nonlinear Schrödinger equation (DNLS). The presence of nonlinear Alfvén waves in this reduced MHD description is a consequence of the inclusion of the Hall term. Predictions of this theory were shown to hold to a good degree by direct numerical simulations of the fully compressible Hall-MHD equations performed by Laveder et al. (2002) . Most importantly, Gazol et al. (1999) considered the β = 1 regime and they too specifically insist that the pressure fluctuations must be of the order Mach number squared M 2 s , whereas the density fluctuations scale like the Mach number M s . We consider this to be independent support for our decision to exclude the pressure p 1 . As discussed in Section 4, the support for modeling the leading-order density fluctuations as a passive scalar from observational results is quite extensive and we note that the model of Bhattacharjee et al., which describes the leading-order density fluctuations through pressure p 1 , does not contain this passive scalar behavior.
